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Exponential equations of crystal growth applied in industrial crystallization are approximating 
well, in a narrow interval of supersaturations, the theoretically derived molecular crystallization 
equations. These relations are in limiting cases identical. So-called crystallization constant kg 
and the formal reaction order of crystallization g are constant only in a narrow range of super­
saturations. Values of g and kg change when the limiting supersaturatiP,n is exceeded. Equations 
are derived for calculation of kg from physi~al characteristics of the crystallization system. 
At dislocation crystal growth from solutions holds 1 ~ g ~ 2 where greater values can be 
explained by disturbances in the growth regime. 

In industrial application the formal kinetic equation1 is usually applied for crys­
tallization 

(1) 

where kg is the so-called crystallization constant dependent on the relative velocity 
of liquid motion in respect to the crystal, temperature, concentration of other com­
ponents present, perfectness of the crystal shape, and independent of supersaturation. 
Exponent g, called reaction order of crystallization, becomes 1 ~ g ~ 2 according 
to the character of the matter and method of its crystallization. Eq. (1) is identical 
completely with the relation frequently used for evaluation of experimental data 
on the crystal growth2 

L = dGj(A drgc) = k~(.!lc)g , (2) 

where 

(3) 

Eqs (1) and (2), based on the formalism of reaction kinetics, are in the case of crystalli­
zation more or less empirical relations. 

If we consider crystallization as a two-stage process3 we can write 

dm/A d-r = kic - ci) diffusion, (4) 
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dmjA dr = k/ci - c0Y surface reaction, (5) 

dmjA dr = kg{11c)g total crystallization rate. (6) 

Eq. (6) is equivalent to Eq. (I) and thus the crystallization constant k8 as well can be 
defined as the mass which is in a unit of time built in a unit of crystal surface at the 
unit concentration gradient !J.c (driving force of crystallization). 

By elimination of the unknown concentration at the interphase boundary, kg can 
be expressed as 

(7) 

Analytical solution of Eq. (7) is possible for g = i = 1, g = i = 2, and g = 1, 
i = 2. In this way calculated k

8 
for g = i = 1 depends on !J.c only through the func­

tion kd, ki = f(!J.c) . In all other cases are in the relation for kg contained !J.c and k8 

as well and thus it cannot be a constant characterizing how the crystallization pro­
ceeds. 

In literature is usually applied for kd the relation4
•
5 

(8) 

where [J is at best approximated by equation6 

(9) 

As D, 17 and (} are functions of !J.c, then according to Eq. (8) is kd as well dependent 
on !J.c. But this dependence is rather inexpressive and thus kd can be considered 
constant in a reasonably wide interval of !J.c. Some of information on values of the 
exponent g and the constant ki can be get on basis of the molecular kinetic theories 
of crystal growth published e.g. by Burton, Cabrera and Frank7 (BCF), Chernov8 

and Bennema9 (dislocation theory). The volume diffusion model of the BCF theory 
assumes that the diffusive field in vicinity of crystals is established on basis of the 
surface reaction which is just as fast as the rate of mass removal by the crystal. 
According to this theory for the rate of growth of area L holds the relation 

L = DN0 aQO' . ' (IO) 
2x0(}crit[l + (2na/XoYo) (b - Yo) + (2afxo) In (y0 fxo)] 

where the radius of the critical nucleus of a new layer on the crystal surface is 
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ecrit = Yo/4n = yaj[ lln (u + 1)]. (11) 

For large o-is (2na)f(x0 y0) (c5 - Yo) ~ (2a jx0 ) ln (y 0 jx0 ) and Eq. (10) takes the form 

(12) 

Introduced assumption c5 ~ y 0 is always fulfilled. For large u thus holds L""' u. 
For small u the third term of the denominator in Eq. (10) is considerably grea:ter 

than the first and second term. By arranging relation (10) and by use of Eq. (II) the 
following relation is obtained 

L= DN0 kTQo-2 

4ay In (4nyfbkTu) 
(13) 

For small u is L""' o-2 as ln (4nyfbkTu) is not a very sensible function of u. The 
transition from linear to the parabolic function takes place at supersaturation given by 

O"transition ""' (yxo)/(kTc5) . (14) 

At u < o-transition is g ,...., 2 and at u > o-transition is g = 1. We have found out that the 
values of the exponent g in Eq. (6) can be equal only to 1 or 2. But we know from 
measurements of the crystallization rate that g can be of any value between 1 and 2. 
So the dislocation theory is applied which takes into consideration only the surface 
diffusion as the controlling operation of the crystal growth. The rate of crystal 
growth can be in this case determined by relation 9 

L = C(o-2 /B) tanh (Bju) , (I 5) 

where 

B = (9·5/e) (yjkT) (aj)..); (16) 

and 

(17) 

where 

As concerns the formalism of Eqs (4) to (6) it holds kd ~ ki i.e. the rate of crystal 
growth is controlled by the slowest operation - the rate of surface reaction. In such 
case ci .""' c, and the surface reaction takes place at the concentration difference 

Ac = ujc0 • 
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If the effeCt of the volume and surface diffusions is simultaneously considered, 
according to Bennema10 relations (4) and (5) are applied fori = 1 and in the sta­
tionary state by eliminating ci the equation of growth is obtained 

and 

dm/A dr = [1/kd + 1/ki(a)]- 1 f..c = [1/c0 kd + 1/c0 ki(a)]- 1 a 

ci = [kdc + kla)c0]/[kd + k;(a)J. 

As dm/A drQc = L we can write 

By use of relation (8) together with c0 = N 0 M/NA and Q = M/NAQc holds 

The surface reaction takes place at the driving force 

a' = (ci - c0)/c0 = K(a) a, 
where 

(18) 

(19) 

(20) 

(21) 

K(a) = (c; - c0)/(c - c0) = ({[kdc + c0 k/a)J/[kd + k;(a)]} - c0 ) (c - c0t 1 = 

= [1 + ki(a)fkd]- 1
• (22) 

For this case a' appears in Eq. (15) instead of a and thus 

(23) 

In steady state by comparison of Eqs ( 19) and ( 23) for k;( a) the relation is obtained 

(24) 

On substituting (24) and (20) into (19) we obtain 

Eq. (25) gives the rate of crystal growth if the growth is affected both by the volume 
diffusion and the surface reaction . For kd ~ k; relation (25) takes the form of Eq. (23) 

andforki ~ kdofEq.(13). 
Eq. (25) is thus the accurate expression of the frequently used Eq. ( 6). From it can 

be seen that the exponent gin the empirical Eq. (6) can actually have any value in the 
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range 1 ~ g ~ 2 while the crystallization constant k
8 

is dependent also on super­
saturation. The limiting cases can be obtained from Eq. (25) 

1) kd ~ k; and thus c; ....., c0 

(8a) 

(26) 

a) In the case of large Bja is tanh Bja "" 1 and then 

b) In the case Bfa is small is tanh Bfa....., Bfa and thus 

3) k; ....., kd, k; is given by Eq. (24), kd by Eq. (8) and 
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Dependence of K (u) on k ;(u)/kd , Eq. (23) 
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FIG. 2 

Rate of Growth of the Surface Area L in De­
pendence on Supersaturation for Various B 
for the Purely Surface Diffusive Mechanism 
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Estimate of Individual Constants 

Width of diffusion layer. The quantity J is defined at best by Eq. (9). On substituting the typical 
values for 1J ~ 10- 2 gfcm2 s, lls ~ 1 gfcm3 , D ~ 10 - 5 cm2 s -l we obtain J = 1/ 57 (X/v) 112 = 

= 10- 2-10- 3 em, for X = 1 em and v = 1-30 cm/s. So estimated value of J is in agreement 
with the expected values27 for well stirred solutions J ~ 10- 3 and poorly stirred solutions 
J ~ 10- 2 em. 

Coefficient of mass transfer by diffusion kd. This coefficient kd is defined by Eq. (8). By substitut­
ing for J and D ~ 10- 5 cm2 /s we obtain kd = 10- 2 - 10- 3 cm/s. 

Constant B. Into definition equation (16) are substituted corresponding values e = 2-5, 
a/ ).

5 
= a/ (10a - 100a) = 0·1 - 0·01. T= 300 K, kT = 4·14. 10- 14 erg, B = (0·02 - 0·5) (y/kT), 

where y is the free surface energy corresponding to 1 growth unit and y' the free surface energy 
of 1 cm2

. As y is not known the approximate relation yz = y' is used, where z is the number of 
growth units per 1 cm2 z = 1/a2

. 

For the considered solubility 1 mol/1 -30 mol/1 the corresponding y' should be11 y' ~ 
~ 1-30 erg/sm2

. For a = 5-10 . 10- 8 em is yf kT = 0·06 - 7. The expected value of constant B 
is then B = 10- 3 - 5. Value of the experimentally determined9 •10•

26 B is in the range 
10- 3 - 5. 10- 1 . 

Constant C defined by Eq. (18) includes some quantities which are very hard to estimate. 
Nevertheless, at least an estimate of the order of magnitude of the value of this constant is made. 
By substituting kT/h ~ 1013 s-1, P = 1, c0 = 1, N 0 = 1019-1021 particles/cm3

, Q = 10- 22 

cm3 /particle, A = 10- 7 , ~Gdeh = 10-13 kcal/mol, and C = 10- 6 -10- 2
. 

Constant K(a) defined by Eq. (22) is dependent on values of kd and ki(a) in the given system and 
is thus in some cases also dependent on a. The curve K(a) for 10- 1 < ki(a) / kd < 10 is plotted 
in Fig. 1. 
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FIG . 3 

Dependence of L on a for B 1 = 0·1 and 
Various Z 
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FIG. 4 

Dependence of L on a for B1 = 0·5 and 
Various Z 
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Rate of Growth of Surface Area of Crystals 

Rate of growth of surface area of crystals has already been expressed by Eqs ( 15) 
and (25). In Fig. 2 is Eq. (15) evaluated forB= 10- 3

; 10- 2
; 5. 10 - 2

; 0·1; 0·2 ; 0·3; 
0·5; 0·7; and 1·0 in the range a = 0·01-0·20 which comes into consideration in 
experimental measurements. 

For values of B greater than 1 is tanh Bfa ~ 1 and Eq. (15) becomes a purely 
parabolic dependence. 

Eq. (25) is arranged into the form 

(25a) 

where C1 = CK(a), B1 = B/K(a) and Z = C1b/DN0 Q. Equation (25a) is evaluated 
for B 1 = 0·1; 0·5 and 1·0 for values of Z = 0·1-20. The effect of increasing value 
of Z is obvious from Figs 3, 4 and 5. .., 

Reaction Order of Crystallization 

The formal reaction order of crystallization g with regard to Eq. ( 6) can be determined 
from the shape of curves plotted in Figs 2 to 5. By plotting the growth rate Lin depen­
dence on supersaturation in logarithmic coordinates for individual parts · of this 
dependence straight lines can be used which in a limited range of a satisfactorily 
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FIG. 5 

Dependence of L on a for B 1 = 1·0 for 
Various Z 

FIG. 6 

Reaction Order of Crystallization g in De­
pendence on Z for B = 0·1; 0·5; 1·0 for 
~ntervals: a a = 0·01-0·05, b = 0·05 - 0·10, 
c = 0·10-0·20 
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approximate the actual dependence. Slope of the straight line is then giving the reac­
tion order g and the intercept on the axis y the value of the crystallization constant kg. 
For Z = 0, i.e. for the mechanism of surface reaction where volume diffusion is 
negligible g, are given in Table I for individual values of B 

With the change in the reaction order kg changes as well. In case the volume 
diffusion is not negligible, g is again determined by the graphical method. The 
dependence L- u (25a) is approximated by straight lines in the intervals u = 0·01 to 
0·05; 0·05-0·1 and 0·1-0·2. The corresponding reaction orders in dependence on Z 
are given in Fig. 6. 

DISCUSSION 

It is obvious from the made analysis that Eqs (1) or (2) are only valid in limited 
intervals of supersaturations. If surface reaction is the controlling operation of the 
growth, ki can be expressed on basis of physical characteristics of the operation (26). 
The reaction order g is here determined only by the value of constant B and the 
considered interval of supersaturation (Table I). In the case surface reaction is the 
controlling operation of crystallization in the whole interval of supersaturations, 
g = 2 forB ;?;; 0·5 and g = 1 forB ~ 0·005. Corresponding crystallization constants 
kg are thus constant as well. In these limiting cases Eqs (1) or (2) are satisfied in the 
whole interval of supersaturations (it is not reasonable to assume for the growth 
measurements u > 0·20). For 0·005 < B < 0·5 the values of the formal reaction 
order are between 1 and 2 'which change moreover with changing supersaturation. 
This means that both Eqs (1) and (2) are valid only in a certain range of u and after 
exceeding the limiting supersaturation both g and kg do change. 

In the case the crystal growth is controlled by the mechanism of diffusion only, 
the volume diffusive model BCF can be applied according to which for u < utransition 

is g = 2 and 

kg= QcDN0kTQj[c~ 4ya In (4nyjbkTu)]. 

For u > utransition is g = 1 and kg is given by the relation (Sa). As utransition is situated 
in the region of supersaturation which can be studied only by use of special techniques 
(u1 .1. ,...., 7 .10- 3 -10- 5) it is out of question for consideration in industrial 
m:~;~r:~ents and thus Eqs (1) or (2) can be considered to be valid in the whole 
r~nge of possible supersaturations, also in the case when volume diffusion is the con­
trolling operation. 

In the last and the most frequent case both the surface reaction and diffusion 
in the solution participate on the growth. In this case the reaction order depends 
not only on supersaturation and the value of constant B but also on the contribution 
of volume diffusion characterized by the constant Z. In such case Eqs (1) or (2) are 
valid only for concrete conditions and in a narrow interval of supersaturations. 
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The contribution of volume diffusion on the value of the reaction order g was experimentally 
determined for KAI(S04)z (ref.19), where at increasing velocity v = 0 to 100 cm/s the reaction 
order has increased continuously in the range from 1·25 to 1·62. Since in the used experimental 
arrangement both a and B were constant, changes in the values of g were the result of changes 
in the quantity Z only. The determined depengence g - v is in agreement with the theoretical 
dependence g- Z because with increasing v decreases o, and thus Z as well and with decreasing Z 
continuously increases the reaction order g (Fig. 6). 

In equations for the growth of crystals there appears also the interfacial tension 
crystal-solution y' in the constant B. The approximate value of B can be in some cases 
determined on basis of experimental measurements and y' then calculated for the 
considered compound. The interfacial tension is an important quantity which deter­
mines the size of the metastable region of the supersaturated solution of the com­
pound13 and its nucleation characteristics12

. 

The comparison of the formal reaction kinetics to the molecular kinetic equations 
proves that it is necessary to be very cautions in making conclusions on the nature 
of the controlling operation in the crystal growth on basis of the knowledge of the 
reaction order g. It is obvious that for g = 2 surface reaction is a1ways the controlling 
operation if we neglect the insignificant range of supersaturation in which g = 2 
also in the volume diffusion model. But for g = 1 it is not clear whether surface 
reaction of diffusion in the solution is the controlling operation as this value is 
admissible for both mechanisms. Nor in the case 1 < g < 2 can be stated that 
diffusion and surface reaction contribute to the growth simultaneously as the order 
which is not a whole number is also possible in the case of an effective surface reaction 
alone. Conclusions on the controlling mechanism of crystallization can be made only 
when the dependences L- 0' and L- vat 0' = const. are known. 

TABLE I 

Formal Reaction Order of Crystallization Controlled by the Surface Reaction 

B 

> I 
0·7 
o,5 
0·3 

0·2 

g 

1·92 

1·82 

Interval a 

0·01-0·20 
0·01-0·20 
0·01-0·20 
0·01-0·07 
0·07-0·20 
0·01-0·7 
0·07-0·20 

B g Interval a 

0·1 0·01 - 0·05 
1·64 0·05 -0·12 
1·20 0·12 - 0·20 

0·5 0·01 -0·035 
1·37 0·035-0·09 
1·05 0·09 -0·20 

0·01 1·3 0·01 -0·25 
0·03 -0·20 

;;:;;o·OOS 0·01 - 0·20 
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Another problem14 is related to the value of K(o"). From the few information, 
available in literature results that solution in contact with the growing surface area 
is always supersaturated, nevertheless the concentration at the surface is smaller than 
that in the surrounding solution 25

. The supersaturation of solution varies on the 
surface area of the crystal16

, so K(o) is variable. The problem of distribution of con­
centration along the a:rea of crystal surface has been discussed17 several times with 
the result that it is necessary to consider only the average controlling concentration 
difference. From this point of view K(a) is also constant for the whole surface area 
(e.g. Bennema16 assumes K(a) = 1). 

The values of K(a), calculated on basis of the experimental measurements of the 
drop in concentration of solution toward the growing surface area of crystals in 
a stationary system18

, and the data19 are given in Table II. 

The dependence of K( a)-a cannot be derived on basis of these values due to 
considerable inaccuracy in the measured concentrations. According to Eq. (22) 
of KDP, ADP, Sacharose and KAl(S04 ) 2 in an unstirred solution holds 

which means that ki(a) ,...., kd. In the case ofNaC103 and MgS04 we obtain 

andthuski(a) > kd. 

In all these cases, growth in an unstirred solution is controlled both by diffusion 
of the compound from the surrounding toward the crystal as well as by the proper 
operation on the crystal surface. Thus the rate of growth of these matters must 

TABLE II 

Values of K(a) Calculated from the Interferometric Measurements 19 

Compound a% K(a) Compound a% K(a) 

NaCI0 3 0·66 0·007 KDP 8 1 0 31 
0·94 0·05 ADP 5·5 0·68 
1·49 0·04 9·6 0·69 
4·2 0·3 13-5 0·69 

KAI(S04)z 2·9 0·50 MgS04 4·6 0·03 
5·8 0·51 Sucrose 2·6 0·30 

10·0 0·35 6·3 0·80 
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change in dependence on mixing which was for all the mentioned compounds with 
the exception of KDP and ADP exper:imentally proved: Sacharose20

, KAl(S04 ) 2 

(ref. 21
), MgS04 (ref. 22

) and NaCl03 (ref. 23
). But in literature contradictory results 

can also be found e.g. according to24 the growth of KAl(S04)z and NaC10 3 does not 
depend on mixing. These discrepancies can be easily explained as the lowest mixing 
rates applied in the study24 were above the limiting velocity of liquid motion. 

In some studies the formal reaction order g has been found greater than 2. So e.g. 

for the rate of growth of ~-methylnaphthalene25 -z? from the solution of ethylalco­
hol the value of g = 3·5. From the foregoing analysis it is obvious that g cannot be 
greater than 2 for the dislocation growth. If the experimentally determined g > 2 
some other mechanisms must take part at the growth i.e. not only the dislocation 
growth, i.e. growth on disrupted (flawed) F areas, contribution of growth on planes S 
and K is significant, attachement of macroscopic units to the growing plane, irregular 
growth at the origin of inclusions etc. 

A 
a 

LIST OF SYMBOLS 

surface area of G grams of crystals 
distance of adjoining units in the crystal 

c, c0 concentration of supersaturated, saturated solution 
c; concentration on the boundary crystal-solution 
l!.c = c - c0 concentration gradient 
< factor determining the form of spiral growth 
D coefficient of diffusion of the compound in solution 
E . activation energy 
g formal reaction order of crystallization 
G mass of crystals in a unit of suspension 
k Boltzman's constant 

v 
X 

xo 

Yo 
z 

crystallization constant 
crystallization constant 
coefficient of mass transfer by diffusion 
rate constant of the surface reaction 
rate of growth of the surface area of crystals 
mass of one crystal 
molecular weight 
Avogadro number 
concentration of construction units in a saturated solution 
number of growth units in absorption layer per 1 cm2 

number of growth units in absorption layer per 1 cm2 

temperature 
liquid velocity 
characteristic crystal dimension 
distance of adjoining kinks in the step 
distance of successive steps 
constant (Eq. (25a)) 
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/1 
t5 

retardation factor of the growth unit at its inlet into the kink 
width of transition layer 
free energy of the edge per growth unit 
free diffusion path of a molecule on the crystal surface 
viscosity of solution 

(Is 

(!c 

density of solution 
density of crystals 

u = Llc/c 

(!crit 
Q 

relative supersaturation 
radius of the critical nucleus 
volume of the construction unit of crystal 
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